Abstract. We introduce the notion of fully Hilbertian fields, a strictly stronger notion than that of Hilbertian fields. We show that this class of fields exhibits the same good behavior as Hilbertian fields, but for fields of uncountable cardinality, is more natural than the notion of Hilbertian fields. In particular, we show it can be used to achieve stronger Galois theoretic results. Our proofs also provide a step toward the so-called Jarden-Lubotzky twinning principle.
Introduction
A field K is called Hilbertian if it satisfies the following property: for every irreducible polynomial f (X, Y ) ∈ K[X, Y ] which is separable in Y , there exist infinitely many a ∈ K for which f (a, Y ) is irreducible in K[Y ]. The name Hilbertian is derived from Hilbert's irreducibility theorem, which asserts that number fields are Hilbertian.
Hilbert's original motivation for his irreducibility theorem was the inverse Galois problem. Assume one wants to realize a finite group G over a Hilbertian field K. Then given a regular Galois extension F/K(x) with group G, one can use Hilbert's irreducibility theorem to specialize x to a ∈ K and obtain a Galois extensionF of K with group G. Moreover, there exist infinitely many such specialized fields, linearly disjoint over K, obtained by suitable choices of a ∈ K. Even nowadays Hilbert's irreducibility theorem remains a central approach for the inverse Galois problem, see [16, 22] . Moreover, this theorem has numerous other applications in number theory, see e.g. [21] .
It is yet unknown if the inverse Galois problem has a positive solution over a Hilbertian field K, or equivalently, if it has a positive solution over K(x). If a field K is ample (e.g. K is algebraically closed, PAC, or Henselian) then a theorem of Pop asserts that the inverse Galois problem has a positive solution over K(x). Thus the inverse Galois problem has a positive solution over ample Hilbertian fields.
The cardinality of the set of solution fieldsF to each instance of the inverse Galois problem affects the structure of the absolute Galois group of the field K. Surprisingly, if K is uncountable, it might happen that a regular Galois extension F/K(x) has only countably many specialized solutionsF (see Example 2.2). Moreover, in order to study the absolute Galois group, one needs to study not only the possible realizations of finite groups, but also how the obtained fields fit together. This is achieved using finite embedding problems, which give rise to non-regular extensions of K(x). More precisely, let f (X, Y ) be an irreducible polynomial that is separable in Y . Let F = K(X)[Y ]/(f (X, Y )) and let L be the algebraic closure of K in F . Each a in the corresponding Hilbert set H(f ) = {a ∈ K | f (a, Y ) irreducible} provides a specialized fieldF a that contains L with degree [F a : K] = [F : K]. If F = L(X), then L =F a for all a, i.e., L is the unique specialized field. In the non-trivial case, Hilbertianity implies the existence of infinitely many specialized fields that are linearly disjoint over L. However, as mentioned above, even if K is uncountable it is possible that there exist only countably many such fields (and even though the cardinality of H(f ) always equals that of K).
In this work we study fields which have as much and as distinct as possible specialized fieldsF a . That is to say, there exists a subset A ⊆ H(f ) of cardinality |K| such that the specialized fieldsF a are linearly disjoint over L (where a runs over A). We call a field with this feature fully Hilbertian. It is important to note that a countable field K is Hilbertian if and only if it is fully Hilbertian. In particular, number fields are fully Hilbertian.
The objective of this work is to initiate the study of fully Hilbertian fields. Therefore we give several equivalent definitions of fully Hilbertian fields, construct many fundamental examples of fully Hilbertian fields, and study the behavior of this notion under extensions. We also show how one can apply this notion and obtain strong Galois theoretic results over fields of large cardinality. We note that as Hilbert's irreducibility theorem found many other applications outside the scope of Galois theory, this notion may be useful for other problems over uncountable fields.
Characterizations of fully Hilbertian fields.
A recent characterization of Hilbertian fields by the first author [3] reduces the Hilbertianity property to absolutely irreducible polynomials. We show that a similar property holds for fully Hilbertian fields: 
1.2.
Finitely generated field extensions. The most fundamental family of Hilbertian fields is the family of number fields. As mentioned above, since countable Hilbertian fields are fully Hilbertian, number fields are fully Hilbertian. The second important family is that of function fields: Theorem 1.2. Let F be a finitely generated transcendental extension of an arbitrary field K. Then F is fully Hilbertian.
Extensions of fully Hilbertian fields.
Hilbertian fields have interesting behavior under algebraic extensions which has been well studied; [6, Chapter 13 ] offers a good treatment of this subject. We show that fully Hilbertian fields exhibit the same behavior.
Any algebraic extension L/K factors into a tower of fields K ⊆ E ⊆ L in which E/K is purely inseparable and L/E is separable. We study each case separately. First, full Hilbertianity is preserved under purely inseparable extensions: Theorem 1. 3 . Let E be a purely inseparable extension of a fully Hilbertian field K. Then E is fully Hilbertian.
The case of separable extensions is much more interesting. First, it is clear that not every extension of a fully Hilbertian (or Hilbertian) field is Hilbertian. For example, a separably closed field is not Hilbertian, and hence not fully Hilbertian. The most general result for Hilbertian fields is Haran's diamond theorem [10] . We prove an analog of the diamond theorem, and all other permanence criteria for fully Hilbertian fields. (Our full result appears in Section 4.2.) In order to prove Theorem 1.4 we identify and exploit a connection between fully Hilbertian fields and so-called semi-free profinite groups. This is a refinement of the twinning principle [15] suggested by Jarden and Lubotzky. They note a connection between results about freeness of subgroups of free profinite groups and results about Hilbertianity of separable extensions of Hilbertian fields. Furthermore, Jarden and Lubotzky state that the proofs in both cases have analogies. In spite of that they add that it is difficult to see a real analogy between the proofs of the group theoretic theorems and those of field theory.
In [9, 10] Haran provides more evidence to the twinning principle by proving his diamond theorem in both cases (see also [6, Theorems 13.8.3 and 25.4.3] ). Haran's main tool in both proofs is twisted wreath products. (Using twisted wreath product one can induce embedding problems and then, on the other direction, induce weak solutions via Shapiro's map. Haran shows that under some conditions those weak solutions are in fact solutions, i.e., surjective. We refer to this method henceforth as the Haran-Shapiro induction.)
In this work we prove all the permanence results for fully Hilbertian fields by reducing them to the group theoretic case. In fact we show that any group theoretic result obtained via the Haran-Shapiro induction transfers an analogous field theoretic result. First we explain why a better analogy is between semi-free profinite groups of rank m and fully Hilbertian fields of cardinality m 1 . A semi-free group is, in a sense, a free group without projectivity, i.e., a semi-free projective group is free. These groups recently appeared with connection to Galois theory, see [4] .
The idea of the proof is to show that all the constructions in the Haran-Shapiro induction are "field theoretic". This is based on the theory of rational embedding problems and geometric solutions developed in the first author's PhD dissertation, see [2] .
Then all the permanence results about semi-free profinite groups of [4] carry over to fully Hilbertian fields, proving Theorem 1.4. To the best of our knowledge, this is the first time a reduction from the field theoretic case to its group theoretic counterpart has been made. We hope this is a step towards a rigorous formulation of the twinning principle.
1.4. Galois theory of complete local domains. Complete local domains play an important role in number theory and algebraic geometry, and their algebraic properties have been described by Cohen's structure theorem in 1946. However, the Galois theoretic properties of their quotient fields have only recently been understood. The first result in this direction has been made in [12] , where Harbater-Stevenson essentially prove that the absolute Galois group of K = K 0 ((X, Y )) is semi-free of rank |K|, for an arbitrary base field K 0 (see also [4] ). The general case was treated independently by Pop [20] and the second author [18] :
The fields K in the above theorem are ample [20] . For such fields, we have the following result: Theorem 1.6. If K is a fully Hilbertian ample field, then Gal(K) is semi-free of rank |K|.
We prove a stronger results about these, namely their maximal purely inseparable extension is fully Hilbertian. Theorem 1.7. Let K be the quotient field of a complete local domain of dimension exceeding 1. Then the maximal purely inseparable extension K ins of K is fully Hilbertian.
Note that if K is of characteristic 0, then K itself is fully Hilbertian. Theorem 1.7 provides a new proof of Theorem 1.5 since Gal(K) = Gal(K ins ). However, we note that Theorem 1.7 is stronger than Theorem 1.5, since there exist ample fields of any characteristic with semi-free absolute Galois group that are not fully Hilbertian (Remark 2.14).
We do not know in general whether K is fully Hilbertian or not. Our key result states that there is A ⊆ K of independent irreducible specializations provided that all the ramification points are separable over K.
To prove Theorem 1.7 we use the Hilbertianity of K. Using the density theorem of Hilbertian sets, we find irreducible specializations with the following nice feature. The geometric inertia groups of the function fields are "specialized" to inertia groups of valuations of K.
During the Oberfolwach workshop on the arithmetic of fields after reporting this work, we learned from Pop, that he uses a similar approach to prove Theorem 1.5.
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2. Embedding problems, Hilbertian fields, and fully Hilbertian fields 2.1. Fully Hilbertian fields in terms of polynomials. Recall that, for an irreducible polynomial f (X, Y ) ∈ K[X, Y ] that is separable in Y , the Hilbert set H(f ) ⊆ K is the set of all a ∈ K such that f (a, Y ) is irreducible. It will be convenient sometimes to restrict to the co-finite subset
By definition K is Hilbertian if and only if all Hilbert sets are non-empty, and hence infinite. In fact the cardinality of each Hilbert set must be as large as possible.
Proposition 2.1 (Jarden). Let K be a Hilbertian field and H = H(f ) a Hilbert set over
Proof. If K is countable the result is trivial.
Assume m = |K| > ℵ 0 . Let {t i | i ≤ m} be a transcendence basis of K over its prime field K 0 . Define a valuation v on K 0 (t i | i ≤ m) inductively such that v(t 1 ) = 1 and
. This implies that these balls are disjoint. The proof is now done, since H is dense in the topology defined by v [7, Lemma 4.1].
Let us now focus on the fields generated by a root of f (a, Y ) where a varies over H(f ). The last result asserts that |H(f )| = |K|, hence it is somewhat surprising that the cardinality of the set of fields generated by a root of f (a, X), a ∈ H(f ) can be smaller than |K|. The following example gives a Hilbertian field K such that |K| > ℵ 0 , but the cardinality of the set of specialized fields is countable. Example 2.2 (Jarden). Let K be a pseudo algebraically closed (PAC) field with free absolute Galois group of rank > ℵ 0 . Then |K| > ℵ 0 . Now the free profinite group G of countable rank is a subgroup of Gal(K); let L be its fixed field. Then Gal(L) = G. By [6, Corollary 11.2.5] L is PAC. Clearly |L| = |K|. Furthermore, L is Hilbertian, as an ω-free PAC field [6, Corollary 27.3.3] .
Every finite separable extension of L corresponds to an open subgroup of G. But the rank of G is countable; hence G has only countably many open subgroups, and thus there are only countably many fields generated by roots of f (a, Y ), a ∈ H(f ).
We will use the following notation notation: Let K be a field and fix a separable closure
For every a ∈ H ′ (f ) there is a unique prime p of E/L lying above (X − a). However the residue field E a of E under p is not unique. Since we already fixed E and K s , and hence L, E a is unique up to an element σ ∈ Gal(L). In any rate, L ⊆ E a independent of the choice of E a . We define fully Hilbertian fields to have as much as possible specialized fields that are linearly disjoint over L. 
Then there exists a set A ⊆ H(f ) of cardinality |A| = |K| and a set of specialized fields {E a | a ∈ A} that are linearly disjoint over L.
So in this trivial case, there always exists a set A as in the definition.
Remark 2.5. Definition 2.3 is the most naïve definition. The definition is not canonical, in the sense that there are many choices of the fields E a . This will be solved below, when we give a characterization of fully Hilbertian fields in terms of Galois extensions E/K(X), or more accurately, in terms of rational embedding problems.
We give a weaker definition of a 'regular fully Hilbertian' field. Later we prove that in fact it is the same notion as fully Hilbertian, cf. [3] for the classical case. Definition 2.6. A field K is called regular fully Hilbertian if for any absolutely irreducible polynomial f (X, Y ) there exists a set A ⊆ H(f ) of cardinality |A| = |K| and for each a ∈ A, a root b a of f (a, X) such that the fields K(b a ), a ∈ A are linearly disjoint over K.
Remark 2.7. It is natural to consider Galois fully Hilbertian fields -fields having the strong specialization property for every irreducible polynomial f (X, Y ) separable and Galois in Y . before doing so, we introduce some useful terminology.
Embedding problems.
The following notions of rational embedding problem and geometric solutions are essential in this work, cf. [2] . Recall that an embedding problem
/ / A, where B, A are profinite groups and α, ν are (continuous) epimorphisms. The embedding problem is finite (resp. split) if B is finite (resp. α splits). It is non-trivial if α is not isomorphism, or equivalently, ker α = 1.
A weak solution of (ν, α) is a homomorphism θ : Gal(K) → B such that θν = α. If θ is also surjective, we say that θ is a proper solution, or in short solution.
We can always replace A with Gal(L/K), where Gal(L) = ker ν and ν with the restriction map to get an equivalent embedding problem.
In what follows we show that B can also be considered as a Galois group of some geometric object. In fact, the interesting object of study are the geometric embedding problems. Definition 2.8. Let E be a finitely generated regular transcendental extension of K, let F/E be a Galois extension, and let L = F ∩ K s . Then the restriction map α :
is an embedding problem for K. We call such an embedding problem a geometric embedding problem.
is a field of rational functions over K then we call (1) a rational embedding problem. Remark 2.10. In [6, Lemma 11.6.1] it is shown (in different terminology) that every finite embedding problem for a field K is equivalent to a geometric embedding problem.
We shall see below that if K is infinite, then any rational embedding problem has a weak solution. Hence the existence of a weak solution is necessary for an embedding problem to be equivalent to a rational embedding problem. A central result in Galois theory of Pop [19] asserts that if K is ample, then every finite split embedding problem over K is regularly solvable, and in our terminology, equivalent to a rational embedding problem.
In fact the regularity of finite split embedding problems immediately implies that the above necessary condition, i.e., existence of a weak solution, also suffices for an embedding problem over an ample field to be regularly solvable. See Lemma 2.12.
The next natural step is to consider solutions to geometric embedding problems that come from field theory, i.e., are defined by places. Before giving the definition, we introduce additional notation. Let E/K be an extension of fields and let ϕ be a place of E. We say that ϕ is a K-place if ϕ| K = id K . We denote byĒ ϕ (or simplyĒ if there is no risk of confusion) the residue field of E under ϕ. Definition 2.11. Consider a geometric embedding problem (1) . Let ϕ be a K-place of E and let Φ be an extension of ϕ to an L-place of F . Assume that (a)Ē = K and (b) Φ/ϕ is unramified. Then the decomposition group D = D Φ/ϕ is isomorphic to Gal(F /K) (for a proof, apply [6, Lemma 6.1.4] to the valutation rings of Φ/ϕ). Thus we have a canonical map Φ * : Gal(K) → Gal(F/E) whose image is D. Clearly Φ * ν = α, since Φ * respects the restriction maps (recall that ν is a restriction map). In other words Φ * is a weak solution of (1). Let θ : Gal(K) → Gal(F/E) be a weak solution of (1). We say that θ is geometric, if there exists Φ/ϕ satisfying (a) and (b) for which θ = Φ * .
The following lemma shows that if we take 'larger' or 'smaller' embedding problems from a given rational embedding problem, the new ones are also rational.
* be a geometric weak solution of (ν, α). Then γΦ * is a geometric weak solution of (ν, β).
be the fiber product, and let δ : C → Gal(N/K) and ǫ : C → Gal(F/K(x) be the quotient maps. Then there exists a natural isomorphism C ∼ = Gal(F N/K(x)) under which δ, ǫ are the restriction maps . In particular, (µ, δ) is rational.
* . In particular, ǫθ is a weak geometric solution of (ν, α).
is finite and K infinite, then there exists a finite separable extension
Proof. Let F 0 be the fixed field of ker γ. Then γ induces an isomorphismγ :
Thus, the following commutative diagram (recall that α is the restriction map) implies that (ν, β) is rational.
Now under these identifications, γΦ * = (Φ| F 0 ) * , and hence is a geometric weak solution. To see (c), recall the natural isomorphism
Part (d) is immediate since the correlation Φ → Φ * respects restrictions, and since ǫ is the restriction map.
To prove (e), choose a ∈ K such that (x−a) is unramified in F . Extend the specialization x → a to a place ϕ of F/L. Let N 0 be the residue field of F under ϕ. Then ϕ * is a geometric weak solution of (ν, α) that factors via Gal(N 0 /K). Choose N as in (c) with N 0 ⊆ N. We need to show that β :
is an extension of σ to K s . Since ϕ * factors via Gal(N 0 /K) it also factors via Gal(N/K), and hence ϕ * (σ) is well defined. Now we set β ′ (σ) = (ϕ * (σ), σ). Clearly β ′ is a section of β, as needed.
Characterization of fully Hilbertian fields.
We start by formulating the Hilbertianity property in terms of geometric solutions of rational embedding problems.
Proposition 2.13. A field K is Hilbertian if and only if every rational embedding problem is geometrically solvable.
Proof. We can assume that K is infinite. Assume that every rational embedding problem is geometrically solvable. Let f (X, Y ) ∈ K[X, Y ] be an irreducible polynomial that is separable in Y and with a leading coefficient a(X) = 0. Choose some finite set A ⊆ K with more elements than the numbers of roots of a.
Let x be a variable, take F to be the splitting field of α∈A f (x + α, Y )f (
Assume without loss of generality that β = Φ(x) ∈ K (otherwise we repeat the following argument with β = Φ( 1 x )). Since |A| is bigger than the number of roots of a(x), there exists α ∈ A for which a(β + α) = 0. Let y ∈ F be a root of f (x + α, Y ) and let γ = Φ(y). Then γ is finite. But since Φ * is surjective, [F :
and thus f (β + α, Y ) is irreducible (recall that f (β + α, γ) = 0). Next assume that K is Hilbertian and consider a rational finite embedding problem
be the product of the discriminant of f over K(x) and its leading coefficient. Choose an irreducible specialization
. Thus the decomposition group equals Gal(F/K(x)), i.e., Φ * is surjective.
Remark 2.14. In the above result, it is necessary that the solutions are geometric. Indeed, there exists a non-Hilbetian field K whose absolute Galois group is ω-free (i.e., every finite embedding problem is solvable):
is an infinitely generated free group. The restriction map α : We wish to characterize fully Hilbertian fields in terms of geometric solutions of rational embedding problems. In the meanwhile we shall define Galois fully Hilbertian fields to be fields with the proper amount of geometric solutions to a rational embedding problem. Moreover we shall require that the solutions are independent in the following sense. Then we shall prove that Galois fully Hilbertian fields, regular fully Hilbertian fields and fully Hilbertian fields are the same. Before continuing, we strengthen Lemma 2.12 and show that independency of solutions is preserved under mild changes of the embedding problems.
Lemma 2.17. In the notation of Lemma 2.12 the following extra assertions hold:
(a) Let {Φ * i | i ∈ I} be a family of independent geometric solutions of (ν, α). Then {γθ i | i ∈ I} is a family of independent geometric solutions of (ν, β).
is a set of independent geometric solutions of (ν, α).
Proof. We start with the first case. LetF i be the residue field of Φ i . By assumptions,
* are independent solutions of (ν, β). Next we prove the second case. Denote by G, B, A the groups Gal( Remark 2.20. Finite fields are not Galois fully Hilbertian, since the absolute Galois group of a finite field is pro-cyclic.
The requirement on the solutions in the definition of Galois fully Hilbertian fields can be weakened, as we show in the next lemma.
Lemma 2.21. A field K is Galois fully Hilbertian if and only if every non-trivial rational finite split embedding problem for K has |K| pairwise-independent geometric solutions.
Proof. We may assume that K is infinite. Consider a rational embedding problem
Let N 0 be as in Lemma 2.12(e). Choose some finite Galois extension N/K that contains LN 0 . Then Lemma 2.17 implies that it suffices to find a set of m independent geometric solutions of the rational finite split embedding problem (µ, β), where µ : Gal(K) → Gal(N/K) is the restriction map, and
is the quotient map of the fiber product.
By assumption there exists a set of pairwise-independent geometric solutions {θ i | i ∈ I} of (µ, β) with |I| = |K|. By [4, Proposition 3.6] there exists a subset I ′ ⊆ I of the same cardinality |I ′ | = |K| for which {θ i | i ∈ I ′ } is an independent set of geometric solutions, as needed.
Standard set theoretic considerations show that it suffices to solve infinite embedding problems of cardinality < |K|.
Lemma 2.22. For a field K to be Galois fully Hilbertian it suffices that any rational embedding problem (1) in which rank Gal(F/K(x)) < |K| and ker α is finite is geometrically solvable.
Proof. Consider a rational finite embedding problem
for K and write B = Gal(F/K(x)) and A = Gal(L/K). In particular F is regular over L.
For each i < m we inductively construct a geometric solution θ i such that the corresponding solution field N i is linearly disjoint of the compositum j<i N j over L. This would imply that {θ i | i < m} is a family of independent geometric solutions, and hence the proof.
Assume we have constructed geometric solutions θ j for each j < i that are independent. Let N j be the solution field of θ j , let B j = Gal(N j /K). Then B ∼ = B j .
Write N = j<i N j and let ν i : Gal(K) → Gal(N/K) be the restriction map. Since the {θ j | j < i} are independent it follows that Gal(N/K) is canonically isomorphic to the fiber product A B j of B j over A, where j < i. The isomorphism is given by σ → ((σ|
Moreover, since F is regular over L, it is linearly disjoint of N, and hence of
The assumption gives a geometric solution Φ * : Gal(K) → Gal(F N/K(x)) of the rational embedding problem
Let M and N i be the residue fields of F N and F under Φ, respectively, and let ϕ i = Φ| F .
We are now ready to prove that the notions of Galois fully Hilbertian fields, regular fully Hilbertian fields, and fully Hilbertian fields are equivalent. Proof. It is clear that full Hilbertianity implies regular full Hilbertianity. Assume K is regular fully Hilbertian. We prove that K is Galois fully Hilbertian. Let
be a rational non-trivial finite split embedding problem. By Lemma 2.21 it suffices to find |K| independent geometric solutions of (n 0 , α 0 ). By Zorn's lemma there exists a maximal set of geometric independent solutions {θ i | i ∈ I} of (ν, α). We claim that |I| = |K|. Assume otherwise, i.e., |I| < |K|. Let N be the compositum of the fixed fields of ker θ i , i ∈ I. Since |I| < |K| the rank of Gal(N/K) is less than |K|. Thus (2) there exist at most |I| finite subextensions of N/K.
By assumption α splits, let α ′ : Gal(L/K) → Gal(F/K(x) be a section of α and let E be the fixed field of the image of α ′ . Then EL = F and E ∩ L = K. In particular E/K is regular. Choose a primitive element y ∈ E of E/K(x) that is integral over K [x] . Then E = K(x, y) and the irreducible polynomial f (x, Y ) ∈ K[x, Y ] of y over K(x) is monic and absolutely irreducible.
Since K is regular fully Hilbertian there exists a set A ⊆ H(f ) of cardinality |A| = |K| and a choice of rootsȳ a of f (a, Y ) such that the fields
We claim that there exist infinitely many a ∈ A such that E a ∩N = K, and hence E a and N are linearly disjoint over K (recall that N/K is Galois). Otherwise, we would have that E ′ a = E a ∩ N = K (where a runs on a co-finite subset of A) are |K| finite subextensions of
Choose a ∈ A such that E a and N are linearly disjoint and if ϕ is a place of F that lies over (x − a), thenF = EL =ĒL = E a L. Since E a and L are also linearly disjoint, we have
) is surjective. Now E a , N are linearly disjoint over K, henceF , N are linearly disjoint over L. But this means that {ϕ * , θ i } is a set of geometric independent solutions, a contradiction to the maximality of {θ i | i ∈ I}.
It remains to prove that a Galois fully Hilbertian field K is fully Hilbertian. Let f (X, Y ) be an irreducible polynomial that is separable in Y . Let x be a variable, and let y be a root of f (x, Y ) in some fixed algebraic closure of
Since K is Galois fully Hilbertian, it follows that there exists a family {ϕ * i | i ∈ I} of independent geometric solutions of the non-trivial finite rational embedding problem
, and |I| = |K|. The set of i ∈ I for which one of the following conditions is not satisfied is finite, hence we can assume that every i ∈ I satisfies these conditions.
(a) a i = ϕ i (x) and b i = ϕ(y i ) are finite, for all i ∈ I.
, and hence [R i :S i ] for any tower K(x) ⊆ S ⊆ R ⊆ F . Hence to finish the proof, it suffices to prove that theĒ i are linearly disjoint over L 0 , for any finite subset J of I.
Let J be a finite subset of I. Since {ϕ * i | i ∈ J} are independent, the fieldsF i , i ∈ J are linearly disjoint over L. In particularĒ i L are linearly disjoint over L. By (3) we have
We thus get that all inequalities are equalities, and thusĒ i are linearly independent over L 0 .
For countable fields, Hilbertianty is the same as full Hilbertianity. This is an immediate consequence of Proposition 2.13 and Lemma 2.22. 
2.4.
The absolute Galois group of fully Hilbertian fields. In this section we consider the group theoretic properties of the absolute Galois group of fully Hilbertian fields.
Recall the definition of semi-free groups [4] .
Definition 2.25. A profinite group Γ of infinite rank m is called semi-free if every finite split embedding problem for Γ has a set of m independent solutions.
The following conjecture is the analog of Conjecture "Split EP/ Khilb. " of [5] .
Conjecture 2.26. The absolute Galois group of a fully Hilbertian field K is semi-free of rank |K|.
In [5] Dèbes and Deschamps show that "Split EP/ Khilb. " follows from the conjecture they call "Split EP/ k(t) ." We show that a slightly stronger property implies Conjecture 2.26. Proposition 2.27. Let K be a fully Hilbertian field and assume that any finite split embedding problem for K is equivalent to a rational embedding problem. Then Gal(K) is semi-free of rank |K|.
Proof. Any split embedding problem over K is equivalent to a rational embedding problem. Therefore, by definition there exist |K| independent geometric solutions.
Recall that a field K is called ample (or large) if every curve defined over K with a simple K-rational point has infinitely many K-rational points. In [19] , Pop proves that the assumption of Proposition 2.27 holds for an ample field, see also [11] . Therefore we get:
Corollary 2.28. Let K be a fully Hilbertian ample field. Then Gal(K) is semi-free of rank |K|.
A stronger property than being ample is being PAC: A field K is PAC if every curve defined over K has infinitely many K-rational points. Assume that Gal(K) is free of rank |K|. Then any finite embedding problem has m independent solutions [6, Propsition 25.1.6]. Since K is PAC, any solution of a geometric embedding problem is geometric [2, Corollary 3.4] . Therefore any rational finite embedding problem for K has m independent geometric solutions, i.e., K is fully Hilbertian.
We now consider arbitrary fields. We give a result about embedding problems with abelian kernel. For any field K, the rank of Gal(K) is bounded by |K|. Taking A = Z/2Z in Proposition 2.30, we get the following result: Proposition 2.31. If K is fully Hilbertian, then the rank of Gal(K) equals |K|.
Rational Function Fields
In this section we show that the basic families of Hilbertian fields -number fields and function fields -are fully Hilbertian. Since for a countable field full Hilbertianity is equivalent to Hilbertianity, we are left with function fields over an infinite field. Our proof is based on an explicit description of elements in Hilbert sets and on the fact that full Hilbertianity is preserved by finite extensions. The latter assertion will be proved below, see Corollary 5. Proof. If K 0 is countable, then Hilbertianity is the same as fully Hilbertianity. Hence K is fully Hilbertian.
Assume that m = |K 0 | is infinite. By Lemma 2.22 it suffices to geometrically solve a rational embedding problem
under the assumption that rank Gal(F/K(x)) = n < m.
Since the number of finite subextensions of F/K(x) is bounded by n (and actually equals n if n is infinite), we can order the finite subextensions E = K(x) of F/K(x), say {E i | i ≤ n}. For each E i there exists a Hilbert set H i such that for each u ∈ H i and for each K-place ϕ of E i that lies over (x − u) the degree of the residue field extension equals to [E i : K(x)]. In particular ϕ is unramified in E i .
Let
For each i ≤ n, g i (a, b) = 0, hence ϕ| E i is unramified over K(x). Therefore ϕ is unramified over K, and thus the geometric weak solution ϕ * : Gal(K) → Gal(F/K(x)) of (ν, α) is well defined.
We claim that ϕ * : Gal(K) → Gal(F/K(x)) is a solution, i.e., surjective. To show that it suffices to show that D ϕ = Gal(F/K(x)), where D ϕ is the corresponding decomposition group. Let ∆ be the decomposition field (i.e. the fixed field of D ϕ in F ). We need to show that ∆ = K(x).
If ∆ = K(x), then there exists a finite extension
This contradiction implies that ∆ = K(x), and hence ϕ * is an epimorphism, which concludes the proof. Proof. Let (t 1 , . . . , t r ) be a transcendence basis of F/K. Then F is a finite extension of K 0 (t 1 , . . . , t r ). By Theorem 3.1 the field K(t 1 , . . . , t r ) = K(t 1 , . . . , t r−1 )(t r ) is fully Hilbertian. By Corollary 5.2 below, F/K(t 1 , . . . , t r ) is fully Hilbertian.
The twinning principle
We mentioned in the introduction the twinning principle formulated by LubotzkyJarden. This principle suggests there should be a connection between results about free subgroups of a free profinite group and results about Hilbertian separable extensions of a Hilbertian field. We also remarked in the introduction that the Haran-Shapiro induction gives a strong evidence to this principle, since it proves the diamond theorem in both settings, and the proofs are analogous.
In fact results about Hilbertian fields transfer to results about free profinite groups of countable rank, using Roquette's theorem, see [15, Weak twinning principle] .
In this section we further study the twinning principle. We first claim that the connection should be between semi-free profinite groups of rank m and fully Hilbertian fields of cardinality m.
(a) The connection is evident from the characterization of fully Hilbertian fields as Galois fully Hilbertian fields (Theorem 2.23). A semi-free group Γ of rank m is a profinite group for which every non-trivial finite split embedding problem has m independent solutions, while a Galois fully Hilbertian field of cardinality |K| = m is a field for which every non-trivial rational embedding problem has m independent geometric solutions. (b) The absolute Galois group of a fully Hilbertian field is not projective in general, and free groups are projective. In the meanwhile semi-free groups are, in a sense, free group without projectivity ([4, Theorem 3.5]). (c) A fully Hilbertian ample field has a semi-free group rank |K| (Corollary 2.28), and conditionally this is always the case (Proposition 2.27).
Maybe the most convincing argument for this connection is the following (d) The proofs about sufficient conditions for a subgroup of a semi-free group to be semi-free carry over to the field theoretic setting.
Remark 4.1. If one wants to consider the more classical setting of Hilbertian fields, then our method gives the connection with the property that each finite split embedding problem has a solution. One can even consider only semi-free groups of countable rank.
Let us go into more details. First note that there is a certain trade-off here -in the group theoretic setting we need to solve all finite split embedding problems, while in field theory only rational embedding problems come into the picture. On the other hand, in the field theoretic setting we need the solution to have an extra property, namely only geometric solutions are considered.
The way we transfer group theoretic proofs into field theory is via the Haran-Shapiro induction. This method uses fiber products and twisted wreath products in order to induce solutions of embedding problems from the group to its subgroup. So what we need to do is to prove, or essentially to observe, that all constructions of the Haran-Shapiro induction are field theoretic constructions. That is to say, (1) if one starts from a rational embedding problem, then the constructed embedding problems are also rational (2) the solutions induced by the constructions preserve the property of being geometric.
As an immediate consequence of this, all the permanence properties of semi-free groups carry over to fully Hilbertian fields. In particular we get all cases of Theorem 1.4.
4.1.
Fiber products and twisted wreath products. As indicated before in results about semi-free subgroups of semi-free groups there are two group theoretic constructions involved, fiber products and twisted wreath products. Let us start with the more elementary one, fiber products.
Write Γ = Gal(K) and consider an embedding problem (µ : Γ → G, α : H → G) for K. Let ∆ be a normal subgroup of Γ contained in ker µ. Then µ factors as µ =μμ, wherê µ : Γ →Ĝ := Γ/∆ is the quotient map andμ :Ĝ → G is canonically defined. This data defines a corresponding fiber product embedding problem:
Here H × GĜ = {(h,ĝ) ∈ H ×Ĝ | α(h) =μ(ĝ)} andα, β the canonical projections.
A (weak) solutionθ : Γ → H × GĜ of the fiber product embedding problem induces the (weak) solution θ = βθ of (µ, α).
The following result asserts that this construction preserves field theoretic aspects.
Lemma 4.2. In the above notation, if (µ, α) is geometric, then so is (μ,α). Moreover, if θ is geometric, so does θ.
More precisely, assume Now we move to the more sophisticated construction of twisted wreath products. For the reader's convenience we give a short survey on the Haran-Shapiro induction, starting from the definitions. See [4] for full details and proofs. 
Then G acts on Ind
We define the twisted wreath product to be the semidirect product
i.e., an element in A wr G 0 G can be written uniquely as f σ, where f ∈ Ind G G 0 (A) and σ ∈ G. The multiplication is then given by (f σ)(gτ ) = f g σ −1 στ . The twisted wreath product is equipped with the quotient map α : A wr G 0 G → G defined by α(f σ) = σ.
The map π : Ind
is said to realize the twisted wreath product A wr G 0 G ifF /K is a Galois extension with Galois group isomorphic to A wr G 0 G and the tower of fields corresponds to the subgroups (via taking fixed fields inF ) 
Here β is the restriction of α to Ind Moreover, if {θ i | i ∈ I} is a family of pairwise-independent solutions of (µ, α), then the induced solutions {θ i0 | i ∈ I} of (µ 1 , β 1 ) are also pairwise-independent. Now we show that these constructions carry over to the field theoretic setting. For this assume that M is a separable extension of an infinite field K, Γ = Gal(K), and Λ = Gal(M). Also denote by L the fixed field of ∆, i.e., G = Gal(L/K). (µ 1 , β 1 ) is also geometric.
More precisely, assume that 
and a tower of fields
, and F 0 /M(x) are Galois, we have
and under these identification the maps in (4) are the restriction maps. (e) Let θ : Gal(K) → A wr G 0 G be a geometric weak solution, i.e., θ =φ * for some placeφ ofF that is unramified over K(x), and extends a specialization x → a ∈ K. Extendφ to an M-placeψ ofF 0 . Then
Proof. Since the restriction map Gal(
. Let E be its fixed field. Then E ∩ N 1 = M and EN 1 = F 1 . Let y ∈ E be a primitive element of E/M(x), i.e., E = M(x, y). Then y is also a primitive element of Choose a basis c 1 , . . . , c n of L 0 /K and let x 0 , x 1 , . . . , x n be an (n + 1)-tuple of variables. Now by [10, Lemma 3.1] there exist fields
A usual combination of the Bertini-Neother Lemma and the Matsusaka-Zariski Theorem (see, e.g., [3, Lemma 2.4] ) implies that we can substitute x i with α i + β i x 0 for some α i , β i ∈ K × and extend this substitution to a K-place ofF ′ with residue fieldF with the same properties. That is, if we denote by F the residue field of F ′ , then
is regular over L, and F is generated by a root of f ( Since c 1 , . . . , c n are linearly independent over K, we have that
We may apply an isomorphism that sends u to x to assume that
realizes A wr G 0 G,F regular over L, and F is generated by the root y of f (x, Y ). This finishes the proof of (b) and (c).
Since all isomorphisms are defined canonically, the maps in (4) are the restriction maps.
It remains to prove (e). Letφ * : Gal(K) → Gal(F /K(x)) be a weak geometric solution. Extendφ, M-linearly, to a placeψ ofF 0 . Thenψ is unramified over M(x), andφ * | Gal(M ) = ψ * . Moreover, since all maps in (4) are the restriction maps, we get that ρπ(φ
Separable extensions of fully Hilbertian fields.
The following result is more general than Theorem 1.4, cf. Main Theorem of [4] . 
Proof. Let m = |K| and (
be a rational split embedding problem for M. Then if we write
and α the quotient map. It suffices to find a set of m pairwiseindependent geometric solutions of (µ 1 , β 1 ). Let K ′ /K be the finite separable extension given in Lemma 4.5. Choose a 'large' finite Galois extension L/K such that K ′ ⊆ L and let µ : Gal(K) → G := Gal(L/K) be the restriction map. In the notation of Lemma 4.5 the embedding problem
is rational, and hence has a set of m independent geometric solutions {θ i | i ∈ I} of (µ, α).
Cases (a) and (b): Note that (a) is a special case of (b). In [4, Section 5.1.2] it is proved that there exists an open normal subgroup Λ of Gal(K) (in the notation of loc. cit. L = Λ) such that if Gal(L) ≤ Λ, then S = {ρπθ i | i ∈ I} is a set of pairwise-independent solutions of (µ 1 , β 1 ). Choose L sufficiently large, so that it contains both K ′ and the fixed field of Λ.
Then on the one hand S is a set of pairwise-independent solutions and on the other hand the solutions in S are geometric (Lemma 4.5). Case (f): As in the previous case, in [4, Section 5.1.3] it is proved, basing on the proof of [6, Theorem 25.4.3] , that there exists a normal subgroup Λ of Gal(K) such that if Gal(L) ≤ Λ, then S (as above) is a set of pairwise-independent solutions of (µ 1 , β 1 ). Hence the same argument as above finishes the proof.
The proof of all the other cases other follows from the above cases, as shown in [4] or proved in a similar manner.
Remark 4.7. In the proof above, the only new property we exploited is that the constructions of fiber products and twisted wreath product, and the induced solutions, are field theoretic.
Purely inseparable extensions
In the previous section we dealt with separable extensions of a fully Hilbertian field, using the twinning principle. Here we show that full Hilbertianity, as Hilbertianity, is preserved under purely inseparable extensions. This will be useful later, for example in order to prove that full Hilbertianity is preserved under all finite extensions.
Proposition 5.1. Let K be a fully Hilbertian field and E/K a purely inseparable extension. Then E is fully Hilbertian.
Proof. Let (ν : Gal(E) → Gal(M/E), α : Gal(P/E(x)) → Gal(M/E)) be a rational embedding problem for E. Since E/K is purely inseparable and F/E(x), M/E are Galois, the extensions F/K(x), M/K are normal. Let F (resp. L) be the maximal separable extension of K(x) (resp. K) in P (resp. M). Then P = F E and M = LE.
Then P/F and M/L are purely inseparable and Gal(F/K(x)) ∼ = Gal(P/E(x)), Gal(L/K) ∼ = Gal(M/E) via the restriction maps. Note that P = F E is regular over E, i.e., linearly disjoint of the algebraic closureẼ of E over E. As F/K is separable and E/K purely inseparable, F and E are linearly disjoint over K. Thus F andẼ(=K) are linearly disjoint. Thus F is regular over K.
Let µ : Gal(K) → Gal(L/K) and β : Gal(F/K(x)) → Gal(L/K) be the restriction maps. As K is fully Hilbertian, there exists a set {ϕ * i | i ∈ I} of independent solutions of (µ, β) with |I| = |K|. Extend E-linearly each ϕ i to a place ψ i of P . Since µ = νres Es,Ks and β = αres P,F , and since the restriction maps res Es,Ks : Gal(E) → Gal(K), res P,F : Gal(P/E(x)) → Gal(F/K(x)) are isomorphisms, we get that {ψ * i | i ∈ I} is a set of independent solutions of (ν, α) of cardinality |I| = |K| = |E|.
Corollary 5.2. A finite extension of a fully Hilbertian field is fully Hilbertian.
Proof. Let L/K be a finite extension. Let E the maximal purely inseparable extension of K inside L. Then L/E is separable. By Proposition 5.1 E is fully Hilbertian and by Theorem 4.6 L is fully Hilbertian.
Dominating Embedding Problems
This section provides some auxiliary results that reduce the necessary embedding problems needed for full Hilbertianity. This reduction is needed in the sequel in order to prove Theorem 1.5. 6.1. Hurwitz's Formula. Let F/E be a finite separable extension of function fields over a base field L. Denote by g F , g E the genera of F, E, respectively, and let n = [F : E]. Hurwitz's formula asserts that
where R is the ramification divisor. If the characteristic of L is p > 0, then the primes of F divide into two sets: the tamely ramified primes P tr = {P | p ∤ e P } and the wildly ramified primes P wr = {P | p | e P }. If the characteristic of L is 0, then all the primes are, by definition, tamely ramified. We have
and
, in this case we say that p is finite (w.r.t. x), or p corresponds to ∞, and then we write p = p ∞ .
The following result is an immediate consequence of Hurwitz's formula.
Assume that all primes of F lying above p ∞ are tamely ramified in F . Then there exists a prime P of F lying over a finite prime p of L(x) such that P/p is ramified.
Proof. By (5) we have
(Recall that n ≥ 2.) Using the formula P/p e P f P = n with p = p ∞ we get
Thus there must be a prime P of F not lying above p ∞ that is ramified. Proof. Let H ≤ G be the subgroup generated by all I j,j . Let E = F H the corresponding field. Then, by definition, E is ramified at most at infinity, and this ramification, if exists, is tame. Thus by Corollary 6.1, E = L(t), i.e., H = G.
Before we continue we recall some notation. Fix a field L. Let a ∈L, f (X) its irreducible polynomial over L, and p the prime of L(x) that is defined by f . We say that a is a ramification point of F/L(x) if p is ramified in F . We denote by Ram(F/L(x)) ⊆L the set of all ramification points of F/L(x) inL. We emphasize that Ram(F/L(x)) depends on x.
Let P/p be an extension of primes of F/L(x) with ramification index e. If the characteristic of L is positive, say p > 0, we write e = e ′ q, where gcd(e ′ , p) = 1 and q is a power of p. We will call e ′ the tame ramification index of P/p and q the wild ramification index. If L is of characteristic 0, then the tame ramification index equals the ramification index, and the wild ramification index is 1.
If F/L(x) is Galois, then the tame and wild ramification indices are independent of the choice of the prime P that lies over p, so we abbreviate and say tame (resp., wild) ramification index of p in F .
Lemma 6.3. Let K be an infinite field, let F 0 /K(x 0 ) be a finite Galois extension, and let
, P c a prime of F lying above p c = (x − c), and e ′ (resp., q) be the tame (resp., wild) ramification index of P c /p c . Then (e1) (x − c)
1/e ′ ∈ F , (e2) the primitive e ′ -th root of unity ζ e ′ is contained in L, and (e3) the residue field of F at P c is a purely inseparable extension of L.
Proof. Since K is infinite, there is a Möbieus transformation that sends x 0 to x = u+vx 0 w+zx 0 , for some u v w z ∈ P SL 2 (K) under which ∞ is mapped to an unramified point. Clearly
. . , c n }, and for each i, let e ′ i , (resp., q i ) be the tame (resp., wild) ramification index of (x − c i ) in F 0 . Then e i = e ′ i q, i = 1, . . . , n are the corresponding ramification indices. Let L be a finite Galois extension of K that contains L 0 , c 1 , . . . , c n .
Write
. . , c n }, and each c i has the same ramification indices e 1 , . . . , e n (since L(x)/L 0 (x) is unramified). Let F = F 1 ((x − c i )
1/e ′ i | i = 1, . . . , n). By [6, Example 2.3.8] it follows that F/F 1 is unramified over the primes of F 1 that lie above (x − c i ), i = 1, . . . , n. By the multiplicity of ramification indices, we get that each (x − c i ) has ramification e i in F .
On the other hand, let p = (x − c i ), i = 1, . . . , n be a finite prime of L(x). Then p is unramified both in F 1 /L(x) and in K((x − c j )
1/e ′ i | i = 1, . . . , n). Thus it is unramified in their compositum F . Replace L with a larger extension, if necessary, to assume that the residue field of F w.r.t. P c i is a purely inseparable extension of L.
Finally note that the ramification of p ∞ in F divides e 
a non-trivial rational finite embedding problem. Then there exist x ∈ K(x 0 ) and a nontrivial rational finite embedding problem
satisfying Properties (a)-(e) of Lemma 6.3 such that an independent set {θ i | i ∈ I} of proper geometric solutions of (µ, α) induces an independent set {res F,F 0 θ i | i ∈ I} of proper geometric solutions of (µ 0 , α 0 ).
Proof. Let F be the field given by Lemma 6.3. Consider the commutative diagram
in which all the maps are the restriction maps. We are given an independent set {θ i | i ∈ I} of geometric proper solutions of (µ, α). By Lemma 2.17 {γθ i | i ∈ I} is an independent set of geometric proper solutions of (µ, β). Then Lemma 2.17 implies that {πγθ i | i ∈ I} is an independent set of geometric proper solutions of (µ 0 , α 0 ).
The following is an immediate conclusion.
Corollary 6.5. For a field K to be fully Hilbertian it suffices that every non-trivial rational embedding problem
satisfying Properties (a)-(e) of Lemma 6.3 has |K| independent geometric solutions.
6.2. Wild ramification. This part deals with wild ramifications. The reader interested only with fields of characteristic zero can skip this part.
For the rest of this section fix a field E with positive characteristic p > 0 which is equipped with a discrete valuation v.
. This implies v(a) = max v(A), as needed. Now we are ready to state and prove the main result of this part which sets a necessary condition for a totally ramified Galois extension of order a power of p to remain totally ramified when moving to the residue extension w.r.t. some other place. Proof. Let F 1 , . . . , F m be all the minimal extension of E inside N. Then F i /E is a Galois extension of degree p. Proposition 6.7 gives a 1 , . . . , a m ∈ E, x 1 ∈ F 1 , . . . , x m ∈ F m such that
LetF be the residue field of F under ϕ. By assumptionN /Ē is a Galois extension of the same degree as N/E, hence Gal(N /Ē) ∼ = Gal(N/E) = G. Thus Gal(N /F ) = Φ. Let H be the inertia group ofv (w.r.t. some extension of it toN ) in G, and letĒ ′ be its fixed field. Then, by definitionv is unramified inĒ
, and x p i −x i =ā i . Proposition 6.7 implies thatv is totally ramified inF i , hence ramified inĒ ′ . This contradiction implies thatĒ ′ =Ē, i.e.,v is totally ramified inN .
Complete domains
We now prove Theorems 1.5 and 1.7 about quotient fields of complete local domains. To get independent solutions of a rational embedding problem we show that if a in a Hilbert set approximates all the 'ramification points' of the embedding problem w.r.t. some valuations of our base field K, then the geometric inertia groups become inertia groups w.r.t. those valuations of K.
Lemma 7.1. Let L be a field, let E/L(t) be a finite separable extension, and let β 1 , . . . , β l ∈ E. Let P/(t−c) be a prime extension of E/L(t) such that e(P/(t−c)) = f (P/(t−c)) = 1. Then there exists a finite set Λ ⊆ L, such that for any discrete valuation v of L, satisfying v(λ) = 0 for each λ ∈ Λ, there exists M ∈ R such that for every α ∈ L satisfying v(α − c) > M the following properties hold:
(a) There exists a prime P α of E lying over (t − α) such that v is unramified in the residue fieldĒ α . (b) Let v s be an extension of v to L s . Let m i be the order of β i at P and let ν ∈ Z be co-prime to m i , for each
Proof. LetÊ =Ê P be the completion of E at P, and consider the completion c) ) is unramified and of residue field degree 1. HenceÊ = L((t − c)). Let β 0 ∈ E be a primitive element of E/L(t). Then β 0 , β 1 , . . . , β l ∈ L((t − c)), thus we have
for each 0 ≤ i ≤ l. Without loss of generality we can assume that m 0 > 0 (by multiplying β 0 with a sufficiently large power of (t − c)). Put Λ = {λ 1,m 1 , . . . , λ l,m l } Suppose v is a discrete valuation of L, satisfying v(λ) = 0 for each λ ∈ Λ, and v s an extension of v to L s . LetL be the completion of L at v, and extend v to the algebraic closure ofL compatibly with v s . Since ∈L satisfies v(ε) > 0. SinceL is complete with respect to v, we have a substitution homomorphism ϕ α : R →L, given by ϕ α ( µ n x n ) = µ n ε n . Extend ϕ α to a place of Q = Quot(R). We also have ϕ α (β i ) =
, for every n > m i . Therefore, if we further assume that v(α − c) is co-prime to ν, then, for all i ≥ 1,
is a negative integer (since m i is negative), co-prime to ν. This concludes the proof of (b). Let us continue and prove (a). Since β 0 ∈ R, the field E is contained in Q. The restriction of ϕ α to E fixes L and maps t to α (by the definition of ϕ α ). Let P α be the corresponding prime of E. Then P α lies over the prime (t − α) of L(t).
By the Weierstrass division theorem for convergent power series, each element of R can be written in the form g ·(x−ε)+r, with g ∈ R, r ∈L. It follows that the kernel of ϕ α (as a homomorphism of R) is a principal ideal, generated by x − ε. Moreover, by the Weierstrass preparation theorem for convergent power series, R is a unique factorization domain (whose primes are the primes ofL [x] ). Hence each element h ∈ Q can be written in the form
, with f, g ∈ R not divisible by x − ε, and n ∈ Z. Then ϕ α (
Thus, if n ≥ 0, then ϕ α (h) ∈L, and if n < 0, then ϕ α (h) = ∞. So the residue field of Q at ϕ α isL. ThusĒ α is contained inL, henceĒ α /L is unramified at v. 
is an inertia group of v inF , whereF ,Ē are the respective residue fields of F, E at the unique extension P α of (x − α) to F .
Proof. For any separable extension N of K we write v N for the normalized valuation that lies above v and below v s . Similarly for every subfield F ′ of F containing L(x), we let P F ′ be the restriction of P to F ′ . We recall that e = e ′ q, where e ′ is the tame ramification index and q is the wild ramification index. If the characteristic of K is 0, then e ′ = e and q = 1, and if the characteristic is p > 0, then gcd(e ′ , p) = 1 and q = p r , for some r ≥ 0.
Construction in the wild ramification case: The following construction is needed only in the the case where q > 1. Since I is an inertia group, it has a unique p-sylow subgroup J. Then J ⊳ I, |J| = q, (I : J) = e ′ . Let E ′ be the fixed field of J in F . Then [F :
Furthermore both P E ′ /P E and P F /P E ′ are totally ramified, while the former ramification is tame and the latter is wild.
Let a 1 , . . . , a l ∈ E ′ be the elements that Corollary 6.8 gives when applying it to F/E ′ (instead of N/E in the notation of the corollary) with the normalized valuation v P E ′ (instead of v) arising from the prime P E ′ and with the place ϕ arising from the prime P α . Let m i = v P E ′ (a i ) for each 1 ≤ i ≤ l. Then m i < 0 is co-prime to p, for each 1 ≤ i ≤ l. Let Λ be the finite set given by Lemma 7.1 (if q = 1, Λ may be chosen to be empty). Suppose v satisfies the conditions of the proposition (we fix such v now, even if q = 1 and the construction we are making in this part is redundant), and let M be the bound given by Lemma 7.1. Note thatā i := ϕ(a i ) is finite for all α but a finite set, hence, without loss of generality, we can assume it is finite (by enlarging M). Then if (8) p ∤ vĒ′(ā) < 0, then vĒ′ is totally ramified in F . We now prove that (8) holds. Let E 0 = L((x − c) 1/e ′ ). We have e ′ q = e = e(P F /P E 0 )e(P E 0 /p) = e(P F /P E 0 )e ′ , hence e(P F /P E 0 ) = q.
Since e(P E ′ E 0 /P E 0 ) divides e(P E ′ /P E ) = e ′ , we get that P E ′ E 0 /P E 0 is unramified. Similarly P E ′ E 0 /P E ′ is unramified. Hence m i is also the order of a i at P E ′ E 0 for each 1 ≤ i ≤ l. Since v(α − c) is co-prime to e, it is co-prime to p, hence so is v((α − c) 1 e ′ ). Lemma 7.1(b), applied to β i = a i , t = (x − c)
1/e ′ , ν = p and with c there replaced by 0 here, we get that vĒ′Ē 0 (ā i ) < 0 is co-prime to p for each 1 ≤ i ≤ l. Since [Ē ′Ē 0 :Ē ′ ] divides e ′ which is relatively prime to p, (8) follows. For conclusion, Corollary 6.8 implies that vĒ′ is totally ramified inF .
Conclusion of the proof:
It remains to show that vĒ/v is unramified and that vĒ′/vĒ is totally ramified. The former follows from Lemma 7.1(a) (applied to the prime extension P E /p of E/L(x − c)).
To prove that vĒ′/vĒ is totally ramified, lett = (α−c) 1/e ′ ∈F . Since v(α−c) is co-prime to e ′ , it is also co-prime to e ′ . Since Z ∋ vF (t) = 1 e ′ vF (α − c) = e(vF /v) e ′ v(α − c).
we get that e ′ | e(vF /v). Note that the condition that (x − α) is totally inert in F means that the degrees of the residue field extensions are preserved. Since [F :Ē ′ ] = q is relatively prime to e ′ and since vĒ/v is unramified, we get that e ′ | e(vĒ′/vĒ). On the other hand, e(vĒ′/vĒ) ≤ [Ē ′ :Ē] = e ′ , so e ′ = e(vĒ′/vĒ), i.e., vĒ′/vĒ is totally ramified. Proof. Denote the inertia group of F/L(x) at P i,j by I i,j . By Lemma 6.2, Gal(F/L(x)) is generated by the I i,j . Let E i,j = F I i,j . Then p i,j = P i,j ∩ E i,j is unramified over L(x) and of degree 1. Let M i,j be the bound given by Lemma 7.2 applied to p i,j , E i,j , and v i,j . Let n i,j ∈ Z be co-prime to e i and such that n i,j > M i,j . Since v i,j totally splits in L/K, K is v i,j -dense in L. Choose c i,j ∈ K such that v i,j (c i,j − c i ) > n i,j .
Since K is Hilbertian, we may choose α ∈ K such that (x − α) is totally inert in F , or equivalently, the K-specialization x → α extends to a place P of F which defines a geometric solution P * of (µ, α). Moreover, since Hilbert sets are dense with respect to any finite family of valuations [14, Proposition 19 .8], we may assume that v i,j (α − c i,j ) = n i,j . Hence, v i,j (α − c i ) = v i,j ((α − c i,j ) + (c i,j − c i )) = n i,j . By Lemma 7.2, we get that Gal(L ′ /Ē i,j ) ∼ = I i,j is the inertia group of v ′ i,j /v i,j in L ′ . Thus, since the I i,j generate Gal(F/L(x)), we get that Gal(L ′ /L) is generated by the Gal(L ′ /Ē i,j ), as asserted. Proof. Let κ = |K|. Then any algebraic extension of K has cardinality κ. Let
be a finite rational embedding problem for K. We need to produce κ pair-wise independent geometric solutions of E ins . Let K 0 be a finite purely inseparable extension of K. Since K ins /K 0 is purely inseparable, as in the proof of Proposition 5.1, the maximal separable extension F (resp., L) of K 0 (x) (resp., K 0 ) in F ′ (resp., L ′ ) is a Galois extension, with same Galois group as Gal(F ′ /K(x)) (resp., Gal(L ′ /K)). Moreover, that proof shows that a set of κ pair-wise independent geometric solutions of (µ : Gal(K 0 ) → : Gal(L/K 0 ), α : Gal(F/K 0 (x)) → Gal(L/K 0 )) gives a set of κ pair-wise independent geometric solutions of (µ ′ , α ′ ). Therefore it suffices to find κ pair-wise independent geometric solutions of (µ, α).
By Corollary 6.5 we may assume conditions (a)-(e) of Lemma 6.3 hold. Note that condition (e4) gives that the residue field of P c , c ∈ Ram(F/L(x)) is a purely inseparable extension of L. Thus if we replace K 0 with a sufficiently large finite extension we may assume that this residue field is L.
Since K 0 /K is purely inseparable, each v ∈ F can be extended uniquely to a discrete valuation v 0 of K 0 . Let F 0 = {v 0 | v ∈ F }. Clearly (i) and (iii) hold for F 0 . The last assumption (ii) also holds, since if N/K is separable of degree n and v ∈ F is totally split in N, i.e., there exist w 1 , . . . , w n lying above v, then the corresponding v 0 ∈ F 0 is totally split in NK 0 , since [NK 0 : K 0 ] = n, and the extensions of w 1 , . . . , w n to NK 0 lie above v 0 . Thus, without loss of generality, we may assume that K = K 0 .
Let F L be the family of valuations in F which are totally split in L/K. Then |F L | = κ. Let {θ δ | δ ∈ ∆} be a maximal family of pairwise-independent geometric solutions of (µ, α) with corresponding solution fields L i . We wish to show that |∆| = κ.
